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Mathematical Description of 3C-3D JPDF  
(Soria, J. & Willert, C. (2012) On measuring the joint probability density function of three-dimensional velocity components in 
turbulent flows. MST.)

joint probability density function (JPDF) of 3C velocity 
components in 3D and time:  
 

sufficient to describe the statistical nature of turbulent flows in full 
detail 
!
!
!

all statistical moments can be computed once JPDF is 
known: 
 

Bu1 u2 u3(u10 , u20 , u30 ;x1, x2, x3, t)

Prob{u10 < u1 < u10 + du10 , u20 < u2 < u20 + du20 ,

u30 < u3 < u30 + du30}(x1, x2, x3, t)
= Bu1 u2 u3(u10 , u20 , u30 ;x1, x2, x3, t) du10 du20 du30
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Mathematical Description of 3C-3D JPDF  
(Soria, J. & Willert, C. (2012) On measuring the joint probability density function of three-dimensional velocity components in 
turbulent flows. MST.)

joint probability density function (JPDF) of 3C velocity 
components in 3D and time:  
 

sufficient to describe the statistical nature of turbulent flows in full detail 
!
!
!
!

shorthand notation used for the statistically stationary JPDF 
of the 3D velocity components: 
 
 

Bu1 u2 u3(u10 , u20 , u30 ;x1, x2, x3, t)

Prob{u10 < u1 < u10 + du10 , u20 < u2 < u20 + du20 ,

u30 < u3 < u30 + du30}(x1, x2, x3, t)
= Bu1 u2 u3(u10 , u20 , u30 ;x1, x2, x3, t) du10 du20 du30

p

�x

(�x;x) = B�x1 �x2 �x3(�x10 ,�x20 ,�x30 ;x1, x2, x3)

where �x = �u�t
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Mathematical Formulation of 3C-3D JPDF

3C-3D Cross-correlation Function of Single Exposed 
Interrogation Volume Pairs Containing N Tracer Particles  
(Soria, J. (2006) Lecture Notes on Turbulence and Coherent Structures in Fluids, 
Plasmas and Nonlinear Media. pp 309–348, World Scientific.)  

R(⌘) =
PN

i=1 Rii (⌘ ��xi) +
PN

i=1,j=1
i 6=j

Rij (⌘ � (xj � xi +�xj))

where

Rii(⌘) ⌘ F�1[Gii(f)] =
R
⌦

xl
Ii(x, t)Ii(x+ ⌘, t+�t) dx

Rij(⌘) ⌘ F�1[Gij(f))] =
R
⌦

xl
Ii(x, t)Ij(x+ ⌘, t+�t) dx

Gij(f) = F [Ii(x, t)] F [Ij(x+ ⌘, t+�t)]⇤
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Mathematical Formulation of 3C-3D JPDF

3C-3D Cross-correlation Function of Single Exposed 
Interrogation Volume (IV) Pairs Containing N Tracer 
Particles  
(Soria, J. (2006) Lecture Notes on Turbulence and Coherent Structures in Fluids, 
Plasmas and Nonlinear Media. 309–348, World Scientific.)  

R(⌘) =
PN

i=1 Rii (⌘ ��xi) +
PN

i=1,j=1
i 6=j

Rij (⌘ � (xj � xi +�xj))

where

Rii(⌘) ⌘ F�1[Gii(f)] =
R
⌦

xl
Ii(x, t)Ii(x+ ⌘, t+�t) dx

Rij(⌘) ⌘ F�1[Gij(f))] =
R
⌦

xl
Ii(x, t)Ij(x+ ⌘, t+�t) dx

Gij(f) = F [Ii(x, t)] F [Ij(x+ ⌘, t+�t)]⇤
Δt

x = u Δt

Cross!
-correlation
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assume that there is only one tracer particle within the 
interrogation volume 

represents one sample of instantaneous velocity plus noise within the 
measurement volume 
the 3D cross-correlation function is directly deduced to be: 
 
 
 
 
 
 
 
 
 
 
 

Mathematical Formulation of 3C-3D JPDF: 
From the Ensemble Average Cross-correlation Function to the Joint 
Probability Density Function

R(⌘) = Rii (⌘ ��xi)

Δt

x = u Δt

Cross!
-correlation
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Mathematical Formulation of 3C-3D JPDF: 
From the Ensemble Average Cross-correlation Function to the Joint 
Probability Density Function

!

the ensemble averaged cross-correlation (EACC) 
function measured from M statistically independent 
samples is given by: 
 
 

E [R (⌘)] = lim
M!1

MP
k=1

(R(⌘))k

M

=
R

⌦
�xi

"
R

⌦
xl

Rii (⌘ ��xi) pxl (xi) dxi

#
p
�xi (�xi) d�xi

uniform PDF of the 
random variable describing the 
location of the tracer particle xi 

within the spatial domain
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Mathematical Formulation of 3C-3D JPDF: 
From the Ensemble Average Cross-correlation Function to the Joint 
Probability Density Function

this yields: 

!

!

!

it can be shown via the convolution theorem that the 
3C-3D JPDF is given as:

E [R (⌘)] =

Z

⌦
�xi

Rii (⌘ ��xi) p
�xi (�xi) d�xi.

p
�xi(⌘) = F�1


F [E [R(⌘)]]

F [Rii(⌘]

�
= F�1


E [F [R(⌘)]]

F [Rii(⌘]

�
Computationally more efficient

ensemble averaged single 
particle cross-correlation 

function
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Demonstration of Performance - 3C-3D JPDF

Numerical simulations using 3D Gaussian velocity JPDF 
data with 

Monte Carlo simulations with: 

mean velocity components: (mu, mv, mw),  
standard deviations:  (𝜎u, 𝜎v, 𝜎w) and  

correlation coefficients:  𝜌uv ≣ 𝜎uv/(𝜎u 𝜎v),   𝜌uw ≣ 𝜎uw/(𝜎u 𝜎w) and   
                                       𝜌vw ≣ 𝜎vw/(𝜎v 𝜎w) 

Gaussian particle intensity representing particles with diameter, di : 
 
 

106 - 3D particle volume samples are generated with: 
I0i = I0 = 1 - same peak intensity for all particles 
di = d = 1, 2, 4, 6 
particle location within interrogation volume is given using a uniform 3D PDF 

Ii(x, y, z) = I0
i

e


� 18 (x2+y

2+z

2)

d

2
i

�
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Demonstration of Performance - 3C-3D JPDF

without correction for particle size:

d mu mv mw �u �v �w ⇢uv ⇢uw ⇢vw
(input) 1.0 2.0 -3.0 3.0 1.5 1.0 0.5 0.1 -0.8
1.0 1.002 2.000 -3.001 3.020 1.541 1.064 0.4817 0.0944 -0.7310
2.0 1.002 2.000 -3.002 3.020 1.541 1.064 0.4817 0.0944 -0.7310
4.0 0.999 1.998 -3.003 3.141 1.768 1.371 0.4041 0.0699 -0.4944
6.0 0.998 1.997 -3.004 3.312 2.056 1.727 0.3295 0.0526 -0.3375

p
�xi(⌘) = E [R(⌘)]
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Demonstration of Performance - 3C-3D JPDF

with correction for particle size:

d mu mv mw �u �v �w ⇢uv ⇢uw ⇢vw
(input) 1.0 2.0 -3.0 3.0 1.5 1.0 0.5 0.1 -0.8
1.0 1.006 2.001 -3.000 3.010 1.505 1.013 0.4941 0.1029 -0.7834
2.0 1.002 2.000 -3.002 3.008 1.517 1.028 0.4914 0.0980 -0.7684
4.0 0.999 1.998 -3.003 2.998 1.499 0.999 0.4996 0.1005 -0.8000
6.0 0.998 1.997 -3.004 2.998 1.499 0.999 0.4997 0.1006 -0.8006

p
�xi(⌘) = F�1


F [E [R (⌘)]]

F [Rii (⌘)]

�
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Application: 2C-2D JPDF measurements of High Reynolds number ZPG TBL at Re𝛕 = 
8000  
(Collaborators: N.Buchmann, C. Atkinson, C.M. de Silva, E.P. Gnanamanickam, N. Hutchins, I. Marusic)

experiments were undertaken in the high Reynolds 
number turbulent boundary layer wind tunnel at the 
Melbourne University 
measurements were taken at three different free-stream 
velocities

Facility
I High Reynolds number turbulent boundary layer Wind tunnel (HRNBLWT).

I Re
⌧

up to 30,000, � ⇡ 0.35m

I U1 = 10� 40 m/s, x = 22m

1.89m 

0.92m 

 

Axial Fan 
27m working 

section 

Plenum  

PIV Experimental  
setup 

Air bleeding 
slot 

Heat exchanger 

Trip 

Honey comb & 
series of meshes 

Contraction 
 (6.2:1) 

Turning vanes 

x 

y 

z 

18th AFMC 2012 de Silva et. al The University of Melbourne 3 / 16

Re✓ Re⌧ U (m/s) u⌧ (m/s) � (m)
22,400 8,000 10 0.334 0.36
40,800 14,500 20 0.630 0.35
50,000 19,500 30 0.935 0.34

• de Silva et al. (2013) Nested multi-
resolution PIV measurements of wall 
bounded turbulence at high reynolds 
numbers. PIV13, Delft, The Netherlands. 

• Buchmann et al. (2013) Experimental 
investigation of the near and far field 
structure of high Reynolds number turbulent 
boundary layers. ETC14, Lyon, France.
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Application: 2C-2D JPDF measurements of High Reynolds number ZPG TBL at Re𝛕 = 
8000  
(Collaborators: N.Buchmann, C. Atkinson, C.M. de Silva, E.P. Gnanamanickam, N. Hutchins, I. Marusic)

PIV system consisting of an array of nine high resolution (4008 x 2672 px2) cameras 
~ total of 96 Mpx was used 
two dual cavity 400 mJ Nd:YAG lasers were used in order to use different interframe 
timing for the far field and the near wall cameras 3

Flow 

0.8m 

0.5m 

Field of view 

Bottom cameras with 
higher magnification 

Top cameras with 
lower magnification 

z 

x 

y 

21m from trip 

Bellows 

Extension Rings 

200mm lens 

Fig. 1 Experimental setup used to conduct planar PIV experiments in the HRNBLWT. (left) The camera setup in the facility to obtain the large
field of view (FOV),simultaneously with the High-mag view using a second laser sheet and high magnification optics on a ninth camera. (right) A
scaled schematic of high magnification camera H1.

Table 1 Flow parameters for the three PIV databases.

Reτ Reδ Reθ U∞ uτ δ ν/Uτ (µm) # Images
[ms−1] [ms−1] [m]

8000 2.4 × 105 22400 10 0.334 0.363 45 1680
14500 4.6 × 105 40800 20 0.630 0.35 24 1680
19500 6.3 × 105 50000 30 0.935 0.34 17 1680

of the boundary layer thickness δ. Further, each individual
camera has adequate resolution to capture the smaller scales
close to the Kolmogrov length scales (3η). Quantitatively, at
the Reynolds numbers under consideration, a range of scales
that span 2δ/η (≈ 103) are resolved. The eight cameras are
arranged in two rows of four each as shown in figure 3.
The four cameras on the top row (closest to the freestream),
T1−4, are at a lower magnification than the four cameras on
the bottom row, B1−4. The differing magnification accounts
for the reduction in length scales closer to the wall. Further-
more, in order to capture the finer scales closest to the wall,
a ninth PCO4000 camera, H1 (referred to as high-mag) is
fitted with high magnification optics. This high-mag FOV is
nested within the larger FOV as shown in figure 3and incor-
porated into the imaging system.

The particles are illuminated by two laser sheets over-
lapped in the spanwise direction. These sheets are generated
using two Spectra Physics ‘Quanta-Ray’ PIV 400 Nd:YAG
double-pulse lasers that deliver 400mJ/pulse each. One laser
is dedicated to illuminating the large FOV, and the second
laser is used to illuminate the high-mag FOV in the near
wall region. The necessity for a large amount of concen-
trated power for the high-mag FOV is primarily due to the
loss of light through the optical configuration used (shown
in figure 1(right)). Here the object distance is ≈ 1m and the
high-mag FOV spans ≈ 0.03m × 0.02m. A bellows, tele-
converter and a series of extension tubes are used to obtain

the necessary magnification rather than employing a long-
range microscope [Kahler et al., 2012]. This approach is
adopted due to the large sensor size of the PCO4000 camera,
thereby enabling the full use of the sensor and thus the full
resolution of the camera.

Experimental parameters: The use of multiple laser pairs to
illuminate FOVs with different magnifications, which lead
to different intensity levels between them, causes a few ex-
perimental hurdles. First, due to the significantly higher in-
tensity of the small FOV laser sheet, it is triggered a few
milliseconds prior to the large FOV laser sheet. This avoids
saturation of the large FOV cameras. Figure 2 illustrates the
timing between the two laser pairs and the two sets of cam-
eras (large FOV and high-mag view), while carrying out
measurements at U∞ = 10ms−1. The abscissa shows the
offset (in milliseconds) between the laser pairs, large FOV
and high-mag view camera triggers. The effective offset be-
tween the large FOV and high-mag FOV velocity fields is
60µs, which corresponds to ≈ 0.5 viscous time scales (t+ =
tU2
τ/ν). Therefore, it is reasonable to assume Taylors hy-

pothesis and hence frozen turbulence within this offset. Since
the effective offset between the velocity fields is known, it
can be accounted for while stitching the images together. A
similar offset (in terms of viscous time scale) is used while
carrying out measurements at freestream velocities of U∞ =
20ms−1 and U∞ = 30ms−1.

y

z
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Application: 2C-2D JPDF measurements of High Reynolds number ZPG TBL at Re𝛕 = 
8000  
(Collaborators: N.Buchmann, C. Atkinson, C.M. de Silva, E.P. Gnanamanickam, N. Hutchins, I. Marusic)

Multi-resolution approach was used with the 9 cameras 
to capture a streamwise domain > 2δ and simultaneous 
resolve the near wall region 7
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Fig. 3 (a) shows the FOV across the eight cameras (L1−4 and T1−4), H1 indicates the location of the high magnification view nested within the
larger FOV in the near wall region. The location x = 0 is located 21m downstream of the trip. (b) shows the instantaneous streamwise velocity
vectors seen by the large FOV in the region captured by the high-mag FOV (H1). Meanwhile (c) shows the same region as seen with the high
magnification camera.

this possible. Figure 7(a) shows the variation of Uτ obtained
with the free stream velocity U∞ at the three Reynolds num-
bers under consideration. They are also compared with di-
rect skin friction measurements obtained from a drag bal-
ance [Talluru et al., 2010] and prior measurements by Hutchins
et al. [2009], where Uτ is obtained using a using Clauser
chart method (κ = 0.41 and A = 5) at the same facility.
Results indicate good agreement between the three indepen-
dent measurements of Uτ at the lower free stream velocities.
The PIV measurements from this study extends the trend
observed up to 30ms−1 ! Reτ = 19000. Similarly, figure
7(b) compares the skin-friction coefficient Cf obtained from
the PIV measurements against several empirical relations for
Cf [Nagib et al., 2007]. Comparisons of Cf are also made
with the measurements from the drag balance facility in the

HRNBLWT. Figure 7(b) shows that Cf from the PIV mea-
surements agrees well with the empirical formulations. In
fact, a significantly lower error and uncertainty is seen in
comparison to measurements from the drag balance facility.

As several instantaneous realizations of the wall shear
stress can be obtained, the probability distribution function
(PDF) of the wall shear stress can be calculated. The PDF of
the wall shear stress fluctuations at the three Reynolds num-
bers under consideration is presented in figure 8(a). Also in-
cluded are existing measurements (shown in △ and ◦), that
are summarised in Keirsbulck et al. [2012]. A Gaussian dis-
tribution is shown for reference. It is noted that the bulk of
these measurements were at significantly lower Reynolds
numbers than those considered in this study. This further
highlights the novelty of the experimental datasets presented

7
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Fig. 3 (a) shows the FOV across the eight cameras (L1−4 and T1−4), H1 indicates the location of the high magnification view nested within the
larger FOV in the near wall region. The location x = 0 is located 21m downstream of the trip. (b) shows the instantaneous streamwise velocity
vectors seen by the large FOV in the region captured by the high-mag FOV (H1). Meanwhile (c) shows the same region as seen with the high
magnification camera.

this possible. Figure 7(a) shows the variation of Uτ obtained
with the free stream velocity U∞ at the three Reynolds num-
bers under consideration. They are also compared with di-
rect skin friction measurements obtained from a drag bal-
ance [Talluru et al., 2010] and prior measurements by Hutchins
et al. [2009], where Uτ is obtained using a using Clauser
chart method (κ = 0.41 and A = 5) at the same facility.
Results indicate good agreement between the three indepen-
dent measurements of Uτ at the lower free stream velocities.
The PIV measurements from this study extends the trend
observed up to 30ms−1 ! Reτ = 19000. Similarly, figure
7(b) compares the skin-friction coefficient Cf obtained from
the PIV measurements against several empirical relations for
Cf [Nagib et al., 2007]. Comparisons of Cf are also made
with the measurements from the drag balance facility in the

HRNBLWT. Figure 7(b) shows that Cf from the PIV mea-
surements agrees well with the empirical formulations. In
fact, a significantly lower error and uncertainty is seen in
comparison to measurements from the drag balance facility.

As several instantaneous realizations of the wall shear
stress can be obtained, the probability distribution function
(PDF) of the wall shear stress can be calculated. The PDF of
the wall shear stress fluctuations at the three Reynolds num-
bers under consideration is presented in figure 8(a). Also in-
cluded are existing measurements (shown in △ and ◦), that
are summarised in Keirsbulck et al. [2012]. A Gaussian dis-
tribution is shown for reference. It is noted that the bulk of
these measurements were at significantly lower Reynolds
numbers than those considered in this study. This further
highlights the novelty of the experimental datasets presented
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Application: 2C-2D JPDF measurements of High Reynolds number ZPG TBL at Re𝛕 = 
8000  
(Collaborators: N.Buchmann, C. Atkinson, C.M. de Silva, E.P. Gnanamanickam, N. Hutchins, I. Marusic)

Hot-wire data taken in the same facility (Kulandaivelu, 2012)
Far-field PIV
Near-field PIV

DNS Re𝜏 = 1270 Schlatter and Örlü (2010)

8
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Fig. 4 Comparison of planar PIV results with results from hot-wire
anemometry experiments and empirical formulations at Reτ ≈ 8000
for flow statistics U+, u2

+
and w2

+
. The green ◦ symbols represent

the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-

10−1 100 101 102 103 104
0

10

20

30

40
(a) 20 m/s

z+

U
+

10−1 100 101 102 103 104
0

2

4

6

8

10
(b) 20 m/s

z+

u2
+

10−1 100 101 102 103 104
0

0.5

1

1.5

2
(c) 20m/s

z+

w
2
+

Fig. 5 Comparison of planar PIV results with results from hot-wire
anemometry experiments and empirical formulations at Reτ ≈ 14500
for flow statistics U+, u2

+
and w2

+
. Symbols are defined in figure 4.

ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in

near-field PIV

far-field PIV

HWA
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Fig. 4 Comparison of planar PIV results with results from hot-wire
anemometry experiments and empirical formulations at Reτ ≈ 8000
for flow statistics U+, u2

+
and w2

+
. The green ◦ symbols represent

the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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anemometry experiments and empirical formulations at Reτ ≈ 8000
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the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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anemometry experiments and empirical formulations at Reτ ≈ 8000
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the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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anemometry experiments and empirical formulations at Reτ ≈ 8000
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the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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for flow statistics U+, u2

+
and w2

+
. The green ◦ symbols represent

the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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. The green ◦ symbols represent

the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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the hotwire data, the solid magenta line (−) indicates the large FOV
PIV (present study) and the blue ◦ symbols correspond to the high-
mag PIV (present study). The solid red line (−) for U+ is obtain from
direct numerical simulation data at Reτ = 1270 [Schlatter and Örlü,
2010], and the solid green (−) line in (c) is a predicted profile from an
empirical formulation at an equivalent Reynolds number.

in this study, which increases the range of the measurements
reported by over an order of magnitude. The PDF’s shown in
figure 8(a) appears to indicate an invariance of the PDF with
Reynolds number though it is emphasized that this observa-
tion is not conclusive. Factors such as the spatial resolution
of the various measurements presented would need to be ac-
counted for before a conclusion can be reached. A compar-
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ison is also made with predictions of the wall shear stress
PDF, at a Reynolds number Reτ = 8000, computed using
the model presented in Mathis et al. [2013], which shows
good collapse.

Figure 8(b) shows the variation in the turbulent intensity
of the wall shear stress fluctuations as a function of friction
Reynolds number. The turbulent intensity of a collection of
DNS datasets is presented in the range Reτ = 60 − 1000
for both turbulent channel flows and boundary layers. The
present study extends the range of friction velocity consid-
ered by an order of magnitude to Reτ = 19500. The turbulent
intensity of the present study appears to follow the trend in
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Remarks …
the velocity JPDF is directly related via a simple relationship 
to the expected single-particle cross-correlation which takes 
into account finite particle size 
for small particles, d < 2 px, the approximation that the JPDF 
is equal to the expected single-particle cross-correlation 
yields accurate results up to second moments 
!

technique has been applied to ZPG TBL at Re𝝉 = 8,000 to 
measure 2C-2D JPDF 
!

velocity dynamic range is a problem?  
⇒ need to increase spatial dynamic range for a given fixed 
IV? 


