Math 527 - Homework 4 Solutions
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Find the general solution of the differential equations using the method of judicious guessing.
The equation to solve is

y' +3y =2 —1.

We first solve the associated homogeneous equation y” + 3y = 0.

AM4+3=0

A =-3

A= +V3i.

Therefore, the solution to the associated homogeneous equation is

Yo = C1 cos(V/3z) + Cosin(v/3z).
Now we make the judicious guess

yp = Ax® + Bx* + Cz + D,
which implies

y}’7 =342 + 2Bz + C,

yg =6Ax + 2B.
Plugging these into (1) and rearranging gives

3Ax% + 3B2* + (6A +3C)x + (2B +3D) = 2* — 1.
From this we obtain the four equations

3A=1, 3B =0, 6A+3C =0, 2B+3D = —1,
which imply A = %

, B=0,C= —%, D = —%. Consequently,

1, 2 1
T3t T3y

and the general solution is

1 2 1
y = Cy cos(V3z) + Cysin(v3z) + —a® — Zo — .

3 3 3
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The equation to solve is
y" — 10y’ + 25y = 30z + 3
We first solve the associated homogeneous equation y” — 10y’ + 25y = 0.
M —10A+25=0
(A—=5)2=0
A =5 (repeated root).
Therefore, the solution to the associated homogeneous equation is
ye = C1€°* + Cozed?.

Now we make the judicious guess
yp = Az + B,

which implies y;) =A, y}’D’ = 0. Plugging these into (2) and rearranging gives
25Ax + (—10A + 25B) = 30z + 3.

From this we obtain the equations
25A = 30, —10A + 25B = 3,

which imply A = ¢, B = 2. Consequently,
ply 5 5

6 3
Y= 5T T3

and the general solution is

6 3
y = C1e° + Coxe®™ + =T + 5
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The equation to solve is
4y" — 4y — 3y = cos(2x).
We first solve the associated homogeneous equation 4y” — 4y’ — 3y = 0.
AN —4X—3=0

(2A+1)(2A —3) =0

Therefore, the solution to the associated homogeneous equation is
1 3
ye = Cre” 2% 4 Che2”.
Now we make the judicious guess
yp = Acos(2z) + Bsin(2x),

which implies

y, = —2Asin(2z) 4 2B cos(2z),

y, = —4Acos(2x) — 4B sin(2x).

Plugging these into (3) and simplifying gives

(—19A — 8B) cos(2zx) + (84 — 19B) sin(2z) = cos(2x).

From this we obtain the equations
—19A -8B =1, 8A —19B =0,

which imply A = —%, B = —4—25. Consequently,

19 8 .
Y= " 9r cos(2x) — 5 sin(2x)

and the general solution is

1 3 19 8
= Cre 2" 37— 7 cos(22) — ——— sin(2z).
y = Cre 2% + (Cae2 195 cos(2x) 195 sin(2z)
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The equation to solve is
y" + 4y = 3sin(22). (4)

We first solve the associated homogeneous equation 3" + 4y = 0.

N 4+4=0
A=
A= £2i.

Therefore, the solution to the associated homogeneous equation is
ye = C1 cos(2zx) + Cy sin(2z).

The obvious judicious guess, y, = A cos(2z) + Bsin(2x), won’t work because it is a solution to the
associated homogeneous equation. So instead we use

yp = x(Acos(2x) + Bsin(2z)),

which implies

y, = Acos(2z) + Bsin(2z) + x(—2Asin(2z) + 2B cos(2x)),

y, = —4Asin(2z) + 4B cos(2x) + x(—4A cos(2z) — 4B sin(2z)).
Plugging these into (4) and simplifying gives

—4Asin(2x) + 4B cos(2z) = 3sin(2x),
which implies A = —%, B = 0. Consequently,
Yp = —Zm cos(2x)

and the general solution is

y = C cos(2z) + Cysin(2x) — 21: cos(2z).
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The equation to solve is

y”—y’+%:3+e%.

Just to eliminate fractions, we’ll start by multiplying both sides of the equation by 4:
Ay — 4y 4y =12+ 4dez. (5.1)
We first solve the associated homogeneous equation 4y” — 4y’ +y = 0.
AN — AN +1=0
2A—1)2=0
A= % (repeated root).
Therefore, the solution to the associated homogeneous equation is
Yo = Cle%z + Cgare%m.
Since the right-hand side of (5.1) is the sum of functions from two different families, we find the
particular solution in two steps. First we find a solution y,, to the equation

4y — 4y +y = 12. (5.2)

We make the judicious guess y,, = A, which implies yé,l = ygl = 0. Plugging these into (5.2) gives
A = 12, which means
Ypy = 12.

Next we find a solution y,, to the equation
4y — 4y +y=e3. (5.3)

The obvious judicious guess, y,, = Be2, won’t work because it is a solution to the associated
homogeneous equation. Our second guess would be y,, = Bxe2, but the same issue arises. So we
use
xz
Yp, = Br"e2,

which implies

—_

Ypy = 2Bze? + ~Ba’e?,

[\

x x 1 x
Y, = 2Be? + 2Bze2 + 131‘265.

Plugging these into (5.3) and simplifying gives

8Be? = 4e2
8B =
1
B=—-.
2



Consequently,

and the general solution is
Y ="Yec+ Yp1 + Yp,

1 z
— C1e3% + Chzer® + 12 + §$2€§'
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The equation to solve is
y" — 2y + 5y = € cos(2x). (6)

We first solve the associated homogeneous equation y” — 2y’ + 5y = 0.

A —2X4+5=0
A_2jm/—16
- 2
2% 4i
2
=14 2i.

Therefore, the solution to the associated homogeneous equation is
ye = C1e” cos(2x) + Cae” sin(2x).

The obvious judicious guess, y, = e*(A cos(2x) + Bsin(2x)), won’t work because it is a solution to
the associated homogeneous equation. So instead we use

yp = ze®(Acos(2z) + Bsin(2z)).

To simplify our calculations, let s = A cos(2x)+ Bsin(2x) so that y, = ze®s. Observe that s” = —4s
and we get

y;, = e%s + we’s + xe®s,
Yy, = 2e"s + 2e"s’ — 3we®s + 2we”s'.
Plugging these into (6) and simplifying gives
2e"s’ = e” cos(2x)
25" = cos(2z)
—4Asin(2x) + 4B cos(2z) = cos(2x),

which implies A =0, B = i. Consequently,
1, .
Yp = 4ue sin(2z)
and the general solution is

1
y = Cie” cos(2x) + Cae” sin(2x) + zxez sin(2x).
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The equation to solve is
y" + 2y +y =sinz + 3cos(22). (7.1)
We first solve the associated homogeneous equation y” + 2y" +y = 0.
N +22+1=0
A+1)%=0
A = —1 (repeated root).
Therefore, the solution to the associated homogeneous equation is
ye = Cre” % + Coxze™ ™.

Since the two trig functions on the right-hand side of (7.1) have different arguments (one is x, the
other 2z), we find the particular solution in two steps. First we find a solution y,, to the equation

y" +2y +y=sinz. (7.2)

We make the judicious guess
Yp, = Acosx + Bsinz,

which implies

/ .

Yy, = —Asinz + Bcosz,
" .

Yp, = —Acosz — Bsinz.

Plugging these into (7.2) and simplifying gives
—2Asinz + 2B cosx = sinz,

which implies A = —%, B = 0. Therefore,

1
Ypr = —5 COS L.
Next we find a solution y,, to the equation
y" + 2y +y = 3cos(2z). (7.3)

We make the judicious guess
Yp, = C cos(2z) + Dsin(2z),

which implies
Yp, = —2C sin(2zx) + 2D cos(2z),

Yp, = —4C cos(2x) — 4D sin(2z).



Plugging these into (7.3) and simplifying gives
(4D — 3C) cos(2x) + (—3D — 4C) sin(2x) = 3 cos(2z).
From this we obtain equations

4D —3C =3, —3D —4C =0,

which imply C' = —2%, D= % Consequently,

9 12
YUpe = ~op cos(2z) + % sin(2z)

and the general solution is

y:yc+yp1 +yp2

1 9 12
=Cie " + Coze™™ — 08T — o cos(2x) + % sin(2x).
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The equation to solve is

We first solve the associated homogeneous equation 3" —y = 0.

AN —1=0
=1
A= £1.

Therefore, the solution to the associated homogeneous equation is
ye = Cre” + Cre™ .
Now we make the judicious guess
Yp = (Az* + Bz + C)e™”,

which implies

y, = (24z + B)e* + 3(Ax? + Bx + C)e’?,

Yy = 2Ae3® + 6(2Ax + B)e®® + 9(Az? + Bz + C)e’®.
Plugging these into (8) and simplifying gives

8A2® + (12A + 8B)z + (2A + 6B + 8C) = 2°.
From this we obtain the three equations
8A =1, 12A + 8B, 2A+6B+8C =0,

which imply A = %, B = —%, C = 61. Consequently,

and the general solution is

10



