Math 527 - Homework 7 Solutions
4/16/14

Problem 1. Find the power series expansions of sin z and cos x about z = 0
by using the Taylor expansion

n!
n=0
Solution. Let f(x) = sinz. We calculate

f(z) = sin x f(0O)y= 0

fl(x) = CoS T o= 1

f'(x)= —sinx f'0)= 10

fO®(z) = —cosx f®0)= -1

fW(z) = sin fM0)y= 0

Plugging these into the formula for the Taylor expansion gives
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Let g(z) = cosz. We calculate

g(z) = cos T 0)= 1
g ()= —sinzx Jg0)= 0
g"(x) = —cosx J"(0)= -1
g¥(z) =  sinz g¥0)= 0
g¥(r) = cosx gW0)= 1

Plugging these into the formula for the Taylor expansion gives
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Problem 2. Use the power series expansions of sinx and cos x to show that

di sinz = cos .
XL

Solution.
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Problem 3. Find the general solution of the ODE using the ansatz y = e*
and then find it again using the power series method:

Y+ Ky = 0.

Solution. We first solve by using the ansatz y = e**. This gives the quadratic
equation A2+ k? = 0, which implies A = £ki. Therefore, the general solution
of the ODE is y = ¢q cos(kz) + ¢; sin(kx).

Now we use the ansatz y = >~ ¢,2", which implies y = >~ | nc,z™~
and y = > 7, n(n — 1)c,z" 2. Plugging into the ODE gives

1

io: n(n —1)c,a" 2 + i k*c,z™ = 0.
n=0

n=2

Manipulating the left-hand side gives

Z(n +2)(n+ 1)cprox™ + Z kc,a™ =0
n=0 n=0

[(n+2)(n+ 1)cnso + kPc,| 2™ = 0.
~0

n

We conclude from this equation that
(n+2)(n+ 1)cpso + k¢, =0

for all n > 0. Solving for ¢, o gives the recurrence relation

k2c,
Cnt2 = — .
(n+2)(n+1)
Given ¢, ¢1, we calculate
2 2
n = 0: 02:—%00 n=1: 03:—%01
4 4
n=2: 04211—!00 n=3: c5:';—écl
6
n=4: 06:—%00 n=>: 07:%01.



Therefore, the solution to the ODE is

o0
y= E "
n=0

2! 4! 6!
/{32 k4 k6
+ (x—§x3+ax5—ﬁx7+-~)
k3 k5 k?7
= ¢o cos(kx) +% <kx— gx?’ + §x5 — ﬁx7+"'>

= ¢ cos(kx) + ¢; sin(kx).



Problem 4. Find two linearly independent power series solutions of the
ODE centered about = 0:

y' + 2%y + a2y = 0.

If the power series does not simplify to a known function or have a simple
expression for the coefficients, provide the first four terms of each solution.
Solution. We use the ansatzy = - ¢,2™, which implies y = > ">7 | ne,a™*
and y = > 7, n(n — 1)¢,2" 2. Plugging into the ODE gives

o0 o0 oo
E n(n — 1)c,a" 2 + 2 E ne x4+ x E e’ = 0.
n=2 n=1 n=0

Manipulating the left-hand side gives

o0 o0 o0
E n(n —1)c,a" 2 + E ne ™t 4 E ™t =0
n=2 n=1 n=0

o0

Z(n +2)(n+ 1)cpox”™ + Z(n — Deyq2™ + Z Cp12" =0

n=0 n=2 n=1

2¢y + Z(n +2)(n + 1)cprox™ + Z(n — Deya™ + Z Cho1x” =0

n=1 n=1 n=1

23+ 3 [(n+2)(n+ Denga + ncy_y) 2™ = 0.

n=1
We conclude from this equation that 2c; = 0, hence ¢, = 0, and
(n+2)(n+1)cp2 +ncp—g =0

for all integers n > 1. Solving for ¢, o gives the recurrence relation

ncp—1
n+2)(n+1)




Given cg, ¢; we have
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+c (v — zt + 02 a’ — 852 204
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Two linearly independent solutions to the ODE are

=1 1 x3+ 4 28 — T4 x9+
W= T3 " T 5327 T 9.86-5-3-2
and
9 5.9 8.5.2
= — ——at 4 7 0,

13" "7 643" T10.9.7-6-4-3"



Problem 5. Use the power series method to solve the initial value problem
and specify the solution’s interval of convergence.

(x—1)y" —xy +y =0, y(0) = =2, ¢'(0) =6.

Solution. We use the ansatz y = - ¢,2™, which implies y = >"°7 | ne,a™*

and y = > 7, n(n — 1)¢,2" 2. Plugging into the ODE gives

(x—l)in(n—l Yen —xchn n=ly chx”:().
n=2 n=0

Manipulating the left-hand side gives

[e.e] [ee] oo o
E n(n —1)c,z"" E n(n —1)c,a" 2 — E ne,x” + g e =0
n=2 n=2 n=1 n=0

Z(n + Dneypiz™ — Z(n +2)(n+ 1)cppox™ — Z ne,r” + Z cpr =0
n=1 n=0 n=1 n=0
Z(n + Dneyp2™ — Z(n +2)(n + 1)cppoz™ — Z ne,x” + Z cpr” =0
n=0 n=0 n=0 n=0
Z n+ Dnc,1 — (n+2)(n+ 1)epio — cp(n — 1) 2" = 0.
n=0

We conclude from this equation that
(n+1)ncpsr — (n+2)(n+eype — (n—1)c, =0
for all integers n > 0. Solving for ¢, .o gives the recurrence relation

(n+ ncye1 — (n—1)e,
(n+2)(n+1)

Cnt2 =

The initial values y(0) = —2 and ¢/(0) = 6 tell us that ¢y = —2 and ¢; = 6.



We can now use our recurrence relation to compute higher-order coefficients.

n=20: co = —1
1
n=1: c3:—§
n—==us: Cy = 1.3
1
=3: = —
" “= 7543
1
=4: = -
" T 76543
We see a pattern emerge; ¢, = —% for k > 2. Therefore, our solution is
n=0
(o)
—co—l—clzz:—l—chx"
n=2
= -2+ $+Z; ol x
o0 xn
:—2+6ac—222g

reoraf(52) 1

=—2+46x—2(e*—1—1x)

= 8z — 2¢”.

This solution clearly converges for all x.



