1: “Find the power series expansions for sin x and cos x about x = 0 using the Taylor

expansion formula.”

The derivatives of sin x at x = 0 are
e sin0=0;

d ) _ _1.
e |=sinx =cos0=1;

(dx2 x=0

A g — _sin0=0:
. (dﬁz smx)xzo =—sin0=0;

A - _ __1.
. (d)f s1nx)x:0 =—-cos0=-1;
. (% sinx) =sin0 =0, etc.

X x=0

So

sinx

- ,CZ:O 2k+1)!

Likewise, the derivatives of cosx at x = 0 are
e cos0=1;
d —_— Qi -0
. (% cosx)x:0 =—-sin0=0;
dz p— 0 — 1.
. (W cosx)x=0 =—cos0=-1;

® | ——3COSX =smou = 0U;
dx3 x=0 ’

d* )
e | S5 COSX =cos0=1, etc.
(dx“ X=0 ’

So
1 0 1 0 1 0
cosx = —+—x——x+—x+—xt+=-x0---

o 1! 2! 3! 4! 5!
1 1 1

= ——=x*+=x'-
o 2! 41
[0}

1

= Y —x*

& 2k

2: “Use the power series expansions from Problem 1 to show that % sinx =cosx.”

—sinx = a i ;ka“
dx dx (= 2k+1)!
o0




3y —xy=0

Recall that

y o= Y b
k=0
o0

Vo= Y ket
k=1
o0

y' = Zk(k—l)ckxk_z.
k=2

Substitute these power series into y”’ — xy.

(o) o0
y'-xy = Y k-1 X2 —x > crx®

k=2 k=0
o0 (e 0]

= ) k(k-1) cpxk2 - > crpxkrt
k=2 k=0

= Y (k+3) (k+2) cpazx® = Y cpaftl
k=1 k=0

(o) o0
= 21+ ) (k+3) (k+2) cpazx™ = Y k™!
k=0 k=0

o0
= 200+ ) [(k+3) (k+2)crs3 — cg] X!
k=0

o0
= 20+ ) [k(k—1) ¢ — cr_3] xF72
k=3

The equation becomes

(o]
2c+ Y lk(k—=1) ¢ — cg—3] *2=0
k=3
which means
e ¢ =0;
o (= ﬁck_g, for all k = 3.
The general solution is

- . 1 5 1 4 6, | 7 1 9 1 0,
= 0o+ C1 X+ —-CoX™ + ax + CoXxX + ax + Cox™ + ax  +
6 12 6-30 12-42 6-30-72 12-42-90
1 1 1 1 1
= cf1+-x>+ x®+ xg---)+cl x+—xt+ X+ x10...
6 12-42 6-30-72 12 12-42 12-42-90
Two specific solutions are
1 1 1
y1o= 1+=x>+ X+ X%+
6 12-42 6-30-72
1 1 1
yo = x+—x+ X+ x10
12 12-42 12-42-90

...both of which have radius of convergence co.




4: y"+x%y' +xy=0
Rewrite y, y/, and y" as power series.

e o0 o0
V'+22y +xy = Y ktk-Dex 2+ 52 Y ke x Y epxt

k=2 k=1 k=0
(e8] (o] o0

= Y ktk-Dex* 2+ Y ke + Y ot
k=2 k=1 k=0
o0 o0 (e )

= Z kk—1) ckxk*2 + Z (k-3) ck_gxkfz + Z ck_gxkfz
k=2 k=4 k=3

o0 o0 o0
= 20+6c3x+ Y k(k—1Dcrx* 2+ Y (k=3) cpsx¥ 2+ co+ Y cpozxt?
k=4 k=4 k=4

o0
= Qe+ +6c3x+ Y. [k(k—2)cp+ (k—3)cr_3 + cx_3] x* 2
k=4

(2¢p + o) +6c3x + Z [k(k—2)cr+ (k—2)cp_3] xk=2
k=4

The equation becomes

[e.]
(2c2+co) +6c3x+ Y [k (k—2) c + (k—2) cr_3] X2 =0
k=4

which means
. =-3c;
e ¢3=0;
o cp=—71Ck3 forallk=4.
The general solution is

y = C()+Clx—100x2—161x4+i60x5+i61x7— 1 C()xs— ! c1x10+
2 4 2-5 4.7 2-5-8 4-7-10
1 1 1 1 1 1
= cfl-=x*+-—x"- x8+---)+cl(x——x4+—x7— 10
2 2:5 2-5-8 4 -7 4-7-10
Two specific solutions are
1 1
n = - =x*+—x"— x®
2 2-5 2:5-8
1 1 1
yo = x—-x*+-—x"- 10

...both of which have radius of convergence co.

5 x—-1)y"+y' =0



Rewrite y' and y” as power series.

o0 o0
x-Dy"+y = @-DY kk-Depx" 2+ Y kepx*!
k=2 k=1
= ) k(k- Dcpxkt - Y k(k-1) cpxF 2+ > kcpxk!
k=2 k=2 k=1
o0 o0 o0
= Y (k-D(k-2cr1x"2= Y kk-Depx* 2+ Y (k= 1) ey xF72
k=3 k=2 k=2
o0 (o) (o)
= ) (k-1 (k-2) Cro1 XK 2 =2¢, - Y k(-1 x4+ Y (k-1 Cry X< 72
k=3 k=3 k=3

= (“2ct+e)+ Y (k=1 (k=2)cpy —k (k=1 ¢+ (k—1) cx_y] x¥72

k=3
= —Qa-c)- ) kk=Dep—(k=1) (k=1 cx1]x*
k=3
The equation becomes
o0
~@ez—c) = Y lk(k=1Dce— (k=1 (k=1 cpq]x* 2 =0
k=3

which means
s =301
o (= %ck_l, for all k = 3.

The general solution is

1 2 1 3 1 4
y = co+clx+§c1x +§c1x +chx + .-

1 1 1
coter|x+=x -+ xtte
2 3 4

Co+Clln(1—X).

Two specific solutions are

n =1
Vo In(1-x).

The former solution has radius of convergence oo; the latter has radius of con-
vergence 1.

6: (x—1)y" —xy'+y=0,y0=-2;y(0)=6



Rewrite using power series, noting that ¢y = y (0) = -2 and ¢; = y’ (0) = 6:

k-1 Y k(k-Deex*2—x Y ket 1+ Y cpx®
k=2 k=1 k=0

x-Dy"-xy' +y

(o) oo (o)
k(k-1) ckxkf1 - Z k(k-1) ckxk*2 - Z kckxk + Z ckxk
k=2 k=1 k=0

o0 o0 o0
(k=1 (k=2) k1 x¥ 2= Y k-1 cpx® 2= Y (k=2) cppx¥ 2+ Y cppxt2
k=2 k=3 k=2

o)
)3
k=2
o)
>
k=3
o)

() () o0
= (k=1 (k-2) cp1x52 =200 - Y k-1 epx* 2= Y (k=2) cpox 2+ o+ Y cpox*?
k=3 k=3 k=3 k=3

= —20-2+ ) [(k=1)(k—-2)c_y —k(k—1) ¢ — (k—2) c_p + o] x*72
k=3

[e®]
= —2(c+1) =Y [k(k=1)cp—(k—1) (k—2) ey + (k—3) cp_al x 2.
k=3
The equation becomes

~2(c2+1) = Y [k(k=1)cp— (k=1) (k=2) gy + (k—3) cp] A2 =0
k=3
which means
e ()= —1'
o =520, - %Ck—z, forall k = 3.

In particular,

_1 0 _ _1.
NS N L S
. C4=§—1C3—?62=—61+1—21=_1_21;
. C4=§C4—ﬁ63=—ﬁ+%=—@,etc.
This means

1 1 1
y:—2+6x—x2——x3——x4——x5—---.
3 12 60



