[Name]
[Section #]
Homework #7
MATH 527

(1) “Use Laplace transforms to solve for y, where y" + y =sin(t); y(0) =1; y' (0)=2.”

Apply the Laplace transform.

L{y"+y} = ZLisin@®)}
"+ L{y} = Lisin}
(sZY—sy(O)—y'(O))+Y = L
s2+1
Use the given initial conditions and solve for Y.
1
(Y -5-1-2)+Y = ——;
sc+1
1
2
+1)Y - (s+2) = ——j;
(s ) (s+2) $2+1
1
(sz+1)Y = S +s+2
sc+1
v = 1 N S N 2
- (s2+1)% $2+1 s$2+1
Invert the Laplace transform.
- 1 S 2
y = 27 2t 2t
(32+1) sf+1  se+1

1 1 1 S _1{ 1 }
= 2
Z {(Sz+1)2 - {32+1}+ < s2+1

sin(t) — tcos (1) .
= f +cos (1) +2sin (1)

5 1
Esin(t) +cos(t) — Etcos(t).

(2) “Use Laplace transforms to solve for y, where y" —4y' +4y = t?e*; y(0)=0; y' (0)=0.”

Apply the Laplace transform.

2{y' -4y +ay} = 2{rfe*}
2 -az{ytraelyt = 2{?},..,
!
(*Y =sy(0) -y (0)-4(sY —y(0) +4Y = [3—3]
s—s5—2
Use the given initial conditions and solve for Y.
2
2 4s+4)Y = ———
(s s+4) 2P
(s_g)zy — L
-2
2
Y =

(s-2)°
1



Invert the Laplace transform.

2
- 2N
Y (s—2)°

~ z—l{ 4! }
3. (s—2)°

1
= 2t
12

|~

'S

2 r<3
() “Evaluate £{f (1)}, where f (1) = {_2 52y SV
Rewrite in terms of %.
f)=2-4%(t-3)
Apply the Laplace transform.

F(s) = L{2-4%(t-3))
= 2L} 4L (t-3)}
= 2- L -4e 321
= (2-4e¥) 2y
2—4e73s
S

”

0 0<t<3Z
4) “Evaluate £ {f (1)}, wh 1= 2
4) “Evaluate &£ {f (1)}, where f (t) {sin(t) oy

Rewrite in terms of %.

3
f = sin(t)%(t—g)
3 3
= —cos(t——n)%(t——n)
2 2
Apply the Laplace transform.
3 3
F(s) = 2{—cos(t——”)%(t——”)}
2 2
_sm
= —e 2°Z{cos(1)}
_ _ef%s s
- $2+1
se 3
T 2+
. Y 1 0=t<l ) ,
(5) “Use Laplace transforms to solve for y, where y" +4y = 0 1<t ; ¥(0)=0; y' (0) =-1.

Rewrite in terms of %.
Y +4y=1-U(t-1).



Apply the Laplace transform.

Ly +4y} = LO-2%@-1)
Ly +a2lyl = LM -L@wc-1)}

2 ! 1 e
(Y =5y @ -y @)+4Y = —-—
Use the given initial values and solve for Y.
1 e
(PY+1)+4Y = - -——
s s
1 e
(*+4)Y+1 = ———
s s
1 e
(*+4)Y = -—-—-1
s s
1 e”* 1
Y =

s(s2+4) s(s2+4) s2+4

Decompose m into partial fractions.
A, Bs+C _ 1
s $+4 s(s2+4)
A(s*+4)+(Bs+C)s = 1
(A+B)s*+Cs+4A = 1

Break this into three equations.

A+B=0 C=0 4A=1
1+B=0 — A=1%

__1
B=-3

T mal) )

Substitute into the expression for Y, then invert the Laplace transform.

Therefore

v ( ) 1 _s(l)+>l _s( s ) 1
sz+4 4 s)] 4 s24+4) s2+44
s 1 (1) 1 _s( s
= ——e’|—|+-e
( ) s2+4 4 sz+4) 4 (s) 4 sz+4)
1 s 1 1 1 s
-1 -s -s
= ——e’[-|+-e
y { ( ) s2+4 4(52+4) 4 (s) 4 (s2+4)}

1 1 1 2 1 1 1 1
_ -2*1{-}—-2*1{ }—-2*1{ s }——271{64-—}+—$71{e”~;}
4 s 2 s2+4) 4 s2+4) 4 s)] 4 s24+4

1 1. 1 1 1
= Z—Esm(Zt)—Zcos(Zt)—Z%(t—l)+Zcos(Z(t—l))%(t—l)

_ 1—2s1n(22)—cos(2t) N (cos(2(t4— 1))—1)%“_1)

0 0=<1<3
(6) “Use Laplace transforms to solve for y, where y" +2y' + y = {2(1,‘ 5 3=t ;70)=2; Yy (0)=1."
<
Rewrite in terms of %.

y'+2y +y=2(-3)%(t-3)



Take the Laplace transform.

LY +2y'+yb = LRE-3)%(-3)
LU 22y + 2y = 20724

(SPY —sy(0) -y (@) +2(sY -y (@) +Y = 2¢73.—
(2 +25+1)Y = (s+2)y(0) -y (0) = 2¢73.—

Use the given initial values and solve for Y.

1
(P+2s+1)Y—(s+2)-2-1 = 2.5
S
1
(s+1D?Y = -2 +2(s+2)+1
S
1 s+2 1
Y = 2¢7%. S +2 5+ 5
s2(s+1) (s+1? (s+D
1 1 1
= 2¢7%. +2- +3-
$2(s+1)2 s+1 (s+1)?
Decompose m into partial fractions.
A+B+ C . D B 1
s 82 s+l (s+1)2  $2(s+1)2
As(s+1)?+B(s+1)?+Cs?(s+1)+Ds* = 1
(A+C)s’+(2A+B+C+D)s®>+(A+2B)s+B = 1

This gives the system of equations
A+C=0;2A+B+C+D=0; A+2B=0; B=1.
Eliminating B we get
A+C=0;2A+C+D=-1; A=-2.
Eliminating A we get
C=2;C+D=3.

Eliminating C we get

So in fact
s 11 1 1
Y=2e3-2.2+ S +2. + +2
s s2 s+1  (s+1)2

1 1
. +3- .
s+1 (s+1)2

Invert the Laplace transform.

1 1 1 1 1 1
= 2‘1{2e‘35(—2-—+—2+2- + )+2- +3- }
s s s+1  (s+1)2 s+1 (s+1)2

1 1 -3s —-3s —3s
- 2$‘1{—}+3$‘1{ }—4$‘I{e—}+2$—1{e }+4$—1{e
s+1 (s+1)2 s s2 s+1

= @Bt-2)e'+2(t-5+t-De "N (t-3)

e

207 +3e =AU (1-3)+2(t-3)U (t-3) +4e DY (1 -3)+ 27D 1 =3 W (t-3)

e—3§

(s+1)?

}




(7) “Use Laplace transforms to solve for y, where y" + y =sin(t)+ 6 (t—m); y(0) =0; y'(0) =0.”

Apply the Laplace transform.

LY +yt = Lisin()+6(t—m)}
LY+ L{y} = Lisin+ L6 @-n)}
1
(PY=-sy@ -y 0)+Y = e
Use the given initial values and solve for Y.
1
SZY+Y = m%‘eins
1
(82 + 1) Yy = m +e7 7S
1 1
Y = 2+g_ns.2_
(32+1) sc+1
Invert the Laplace transform.
1
-1 -1 —7s
y = £ +Z {e . }
{(Sz+1)2} s2+1
1
= 2! 5 +.5£‘1{ 5 } U (t-T)
(s2+1) $c+ 1) pmpon
w+sin(t_”)%(t_ﬂ)
2

sin (¢) — tcos (1)
2

sin(£) % (t —m)




