[Name]

[Section #]
Homework #5
Math 527
1
The equation to solve is
(D*+4)y =sin(x). (1.1)
Solve the associated homogeneous equation.
(D*+4)y, = 0
(D-20)(D-2))y. = 0
¥« = Cycos(2x)+ Cysin(2x) (1.2)
Now make the judicious guess
¥ =acos(x) + fsin (x). (1.3)

Then

(D*+4)y

(—acos (x) — Bsin(x)) + 4 (acos (x) + Bsin (x))

3acos (x) +3Bsin(x);
substituting this expression into (1.1) gives
3acos (x) + 3Psin (x) = sin (x),
which implies )
a=0and f= 3
Substitute these values into (1.3).

y= § sin (x)

The sum of this solution with (1.2) is the general solution.

1
y= § sin (x) + C; cos (2x) + Co sin (2x)
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The equation to solve is
(D*+4) y =sin (2x). 2.1)

We already have the homogeneous solution in (1.2).

The judicious guess y = a cos (2x) + sin (2x) won't work, since it’s already a homoge-
neous solution. So instead use

y = x(acos(2x) + Bsin (2x)). 2.2)

Then, by the product rule,

D*y 2(—2asin (2x) + 2B cos (2x)) + (—4a cos (2x) — 4 sin (2x))

4fcos(2x) —4asin (2x) —4x ((x cos (2x) + Bcos (2x)) ,

SO
(D?+4) y = 4fcos (2x) — 4asin (2x).

Substituting this expression into (2.1) gives
4fcos (2x) —4asin (2x) = sin (2x).
Solve for a and .

46=0 and —-4a=1
=0 and a=-

AN

Substitute these values into (2.2).
! (2x)
=——xcos(2x
y 4
The sum of this solution with (1.2) is the general solution.

1
y= —Zxcos (2x) + Cycos(2x) + Cysin (2x)
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The equation to solve is

(D*-4D+10)y=e 'sin(1). (3.1)
Solve the associated homogeneous equation.
(D*-4D+10)y. = 0

Solve the characteristic equation.

A*—4A+10 = 0
L - 4xV16-40
- 2
= 2+iV6
These are two nonreal roots. So,
Vs = eZt(Cl cos (\/gt) +Cy sin(\/ét)). (3.2)
Now, make the judicious guess
y=e""(acos(®)+Psin(1)). (3.3)

For convenience, substitute s = a cos () + fsin (¢). Then

y = e’s
Dy = e '(s'-s);
D*y = e '(s"-25+5)

Combining these gives

(D*-4D+10)y = e '((s"—25 +5)—4(s'—s)+10s)
= e '(s"-65 +15s).
Note that
15s = 15acos(t) + 158sin(?);
—6s’ = —6fcos(f) + 6asin(r);
s" =  —acos(t) + —PBsin(r);

and therefore

(D*-4D+10)y=e " ((14a—6p)cos (1) + (6a + 14f) sin (1)).



Substitute this expression into (3.1).
e ' ((14a —6p)cos (1) + (6a + 14f)sin (1)) = e~ 'sin (2)

Solve for a and g.

l4a-66 = 0 and 6a+14f = 1
a = 2P and 6(Lp)+14f = 1
: 56 ] : %[3 17
a = l_ﬁglm and ﬁ 116
= 116

Substitute these values into (3.3).
—e_t( 3 cos (1) + ! sin(t))
y= 116 116

The sum of this solution with (3.2) is the general solution.

y= e’ % cos (1) + ésin(t)) +e?t (Cl Cos (\/ét) +Cy sin(\/ét))
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The equation to solve is

(D*-2D*-4D +8) y = 6xe™". (4.1)

Solve the associated homogeneous equation.

(D*-2D*-4D+8)y, = 0
(D-2*D+2)y. = 0
Vi = (Co+Cix)e* +Cre?* (4.2)

The obvious judicious guess, y = ¢** (ax + ), won't work since it’s already a homoge-
neous solution. So instead use

y=e"(ax®+Bx?). (4.3)

For convenience, substitute s = x> + fx?. Then

2X .
y = S;

e
Dy = é&**(s'+2s);

D*y = ™ (s +4s' +4s);

D’y = (5" +65"+125 +8s).

Combining these gives

(D*-2D*-4D+8)y e ((s" +6s" + 125" +8s) —2(s" + 45" +45) — 4 (s’ +25) +8s)

(SH/ _ 25//) er.

Note that
s = 6ax+2p;
s = 6w
and therefore
(D*-2D*-4D+8)y = €**(6a+12ax+4p)

12axe™ + (6a +4) e**.
Substitute this expression into (4.1).

12axe™ + (6a +4pB) ** = 6xe™*



Solve for a and .
12¢=6 and 6a+46=0

a:% and 3+46=0

Substitute these values into (4.3).

1 3
2x 3 2
)!—e _x __x
(2 4 )

The sum of this solution with (4.1) is the general solution.

1 3
y=e* (§x3 - sz +Cix+ Co)
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The equation to solve is

(D*+2D+1)y=e""In(1).
Solve the associated homogeneous equation.
(D*+2D+1)y. = 0

(D+1)?y, 0
V. = Cie '+Cote’!

Now, use variation of parameters. The general solution will be

y=ue "+uste’"

with u}, u} such that
e"'ul+re”tu, = 0;
—t. —t. -t
—e ‘uy+(1-nNe ‘u, = e "In(1).

Divide both equations through by e~ ':

uy+tu, = 0 (5.1)
In (7). (5.2)

—uy+ (-0 u,
To isolate u», add (5.1) and (5.2).

In (1)

/ln(t)

tn()-D+C

!/
U

Uy

To get uy, substitute u, into (5.1).

up+tln(r) = 0
up = —tin(
u = —/tln(t)

1 1
—tz(gln(t)—z)+C1.



Therefore the general solution is
2 1 1 —t -t
y=|-t Eln(t)—z +Cile "+ An(H) -1 +Co) te™’,

that is,

1 3
y= Etze_tln(t) - the_t+ Cie "+ Cytel.
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The equation to solve is

(D2 —2D+2)y=e"sec(x).
Solve the associated homogeneous equation.
(D*-2D+2)y. = 0
D-A-)(D-A+1)ys« 0
Vs C1e* cos (x) + Cre* sin (x)

Now, use variation of parameters. The general solution will be
y = uye*cos(x)+ uze”sin(x),

where

I _ylf(x)
ylyg —J’2J’i
—[e*sin (x)] [e¥sec(x)]

[e*cos (x)] % [e*sin (x)] — [e* sin (x)] % [e*cos (x)]

e?* tan (x)

B e2* cos (x) (sin (x) + cos (x)) — e2* sin (x) (cos (x) — sin (x))
tan (x)

"~ sin (x)2 + cos (x)2
= —tan(x);

Uy = /—tan(x)dx
= —In(cos(x)) +C;

and

Vo f (x)
J’1y§ —J/ZJ/i
[e*cos(x)] [e*sec(x)]

[e*cos(x)] % [e¥sin(x)] — [e*sin (x)] % [e*cos (x)]

er

er
= 1;

U = /dx

= x+0C,.



Therefore the general solution is
y = (In(cos (x)) + C1) e* cos (x) + (x + Cy) ™ sin (x),

that is,
y = e* (cos (x)In (cos (x)) + xsin (x) + C; cos (x) + C sin (x)).

10
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The equation to solve is equivalent to

, k F . k
D°+—ly = —sin|\/—1]|.
m m m
k F
w=1\—;, a=— (7.1)
m m

(D* +w?) y = a-sin(w?). (7.2)

Make the substitutions

to simplify to

Solve the associated homogeneous equation.

(D*+w?)y. = 0
D-iw)(D+iw)y. = 0

Y« = Cicos(wt)+ Cysin(wt) (7.3)
Now, make the judicious guess
y =t(acos(wt) + Bsin(wt)). (7.4)
Then
D’y = 2(-wasin(wt) +wpcos(wt))+t(-w?acos(wt) — w?Bsin (wi))
= 2wpcos(wt) —2wacos(wt) — w”t (acos(wt) + Bsin (wt)),
so

(D2 + wz)y =2wpcos(wt) —2wasin (wr).

Substitute this expression into (7.2).
2wp-cos(wt) —2wa -sin(wt) = a-sin (2t)

Solve for a and .
a
= —— d =0
a 5w and

Substitute these values into (7.4).

y:—ﬁtcos(wt) (7.5)
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The general solution is the sum of (7.5) and (7.3).

Yy = _Zi tcos(wt)+ Cycos(wt)+ Cysin(wt)
w

/

y

—% (cos(wt) — wtsin(wt)) — wCssin(wt) + wCj sin(wt)

Now, use the initial values y (0) =0, ¥’ (0) = 0.

Il
(e}

0cos(0) + Cy cos(0) + Cysin (0)

% (cos(0) —0sin(0)) — wCy sin (0) + wC, cos (0)

Il
(e}

The former equation reduces to

Cl = Oy
the latter to
a
——-wC, = 0
2w
. a
c = C
Substitute these values back into (7.2).
= 4 sin(wt) a tcos(wt)
yo= 2w? 2w

a .
= m(sm(wz‘)— wtcos(wt))

Reverse the substitutions from (7.1) for the specific solution.

)

A plot of this function is on the following page.
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Figure 7.1: Plot of y = 2sm(wz‘)——tcos(wz‘)
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