(1) Write the system

x] = 4wy — 3w

T 221 — 319

in the form x' = Ax, and then find the general solution.
The equation can be written in the given form as

x/—4_3x
T\2 =3/

The solutions to this equation will be of form x = ae*, where a is an eigenvector of A =

;l :g and A is the corresponding eigenvalue.
First find the eigenvalues of A.
M —A] = 0
A—4 3
‘ 2 g 3’ 0
A=4HA+3)—3)(-2) = 0
M-A-12+6 = 0
M-A-6 = 0
A=3)(A+2) 0

The eigenvalues are A = 3 and A = —2.
Now find the eigenvectors.
e For \ = 3:

One solution is a = <i1’)>, the corresponding solution for x is

3 33t
= ()= ()

e For \ = —2:

0 O
(_2 1)a— 0

) ; the corresponding solution for x is

1 _ 672t
e () ()

1

One solution is a = <;



The Wronskian for these two particular solutions is

W = ’Xl X2’

3e3t e—2t

eSt 2672t
= 6et — et
5et

£ 0.

So the general solution is
_ 3\ at 1Y o
X—A(l)e +B<2)e .

r1 = 3Ae’ + Be %,
ze = Ae3t +2Be™ %,
(2) Find the general solution of the system below:

, (1 2
X—713X

First find the eigenvalues of A = < 1 2).

That is,

-1 3
N —A = 0
‘)\11 /\23’ _ 0
A=DA=3)-(-2)(1) = 0
AN —4X4+342 = 0
M4 +5 = 0

AN = 244

The eigenvalues are A = 2 £ ¢; we’ll take just A = 2 +1.
Now find the eigenvectors.

A-1 -2
< 1 )\—S)a =0

1+i =2 _

( 1 1+i)a =0
0 0 )
(1 _1+Z.)a = O[R12:R1—(1:|:Z)R2}

One solution is a = (1 h

1 Z>. A particular solution for x is

()
- <1 ) (cost + isini)
("
(4

Xe =

2t cost +ie?tsint

o2t cost + sin t)) +i <€2t (sint — cos t))

e“* cost —|— ze tsint — i€2 cost + % sin t>

2t

tcost e“'sint



So two other particular solutions for x are

. - e?* (cost +sint))
L e? cost ’
o = et (sint — cost)
2 e?! sint :
The Wronskian for these two particular solutions is
w = ‘Xl XQ‘
_|e** (cost +sint) €' (sint — cost)
- e? cost e?tsint

4 cost (sint — cost)

= e sint (cost +sint) —e
= (sin2 t — cos? t)

#

So the general solution is

2t : 2 (ot
_ et (cost — sint) et (sint — cost)
X_A( et cost >+B( e?tsint :

(3) Find the general solution of the system below:

x’*1_3x
S \3 7))

First find the eigenvalues of A = (1 _3).

3 7
[A—XI| = 0
’13)\ 7_3A’ _ 0
I=XNT=2)-(=3)3) = 0
M—8\+7+9 = 0
M —8\+16 = 0
A 4
The only eigenvalue is A = 4.
Now find the eigenvectors.
<13>\ 7_3A)a ~ 0

(_3 _3> a — 0 [Ry:=Ro+Ri]

One solution is a = (_

3 > So one solution for x is

X = (33) €4t~

Another solution for x is of form x5 = ate** + be**, where



(A=X)b
()
(0 )=

1> . This gives

One option is b = (O

x =

So the general solution is

_ =3\ o T\ 9 =3\, o
X = A(3>6 +B<O)e JrB(S)te.

(4) Find the general solution of the system below:

2 4 4
x = 1 2 0]x
1 0 2
First find the eigenvalues.
ML—-A = 0
A—2 -4 —4
A—2 0 =0
0 A—2
A=2°+4(A=2)+4(1=2) = 0
()\72)((>\72)2+8) = 0

The eigenvalues are \; = 2, Ay = 2+ 2/2i, A3 = 2 — 2/2i.

the complex conjugate of A,.
Now find the eigenvectors.

e For \; = 2:
0 -4 —4
1 0 0
1 0 0
0 -4 —4
1 0 0
0 O 0

oo = OO
OO OO+
O, O OO

=0 [Rg = R3 - RQ]
1
= 0 |:R1 = 4R1:|

= 0 [Rl — RQ}

We’ll disregard A3 since it is just



A solution is a; =

e For \y = 2+ 2¢/2i:

22 -4
1 2v2
0

4
2/2i
—2/2i
1

2v/2i
1

0

2v/2i
1

1
0
1
0

O O O~ O

A solution is a, =

Xy =

1 |. The corresponding solution for x is
-1
0 0
x;= |1 |et=| e
-1 —e?t
—4
0 a = 0
2v/2i
—4

0 la = o [Rl .— Ry — 2V2iRy: Ry := Ry — Rg}
2V/2i

-1
1 2
0 a =0 R1 = *Rl;Rg, = —£R3
4 4
-1
0
0 a = 0[R12=R1—R3]
-1
2v/2i
—1 |. The corresponding solution for x is
-1
2v/2i
—1 | e (cos (2\/515) + % sin (2\/§t))
-1

2\fz62t cos (2\[1&) —2\[@” sin (2\[1?)
—e? cos (2v/2t) — ie? sin (2ft)
—e2 cos 2\[15) — ieZtsin 2ft)
2fe2t sm 2ft 24/2¢2t cos (2\[15)
e2 cos 2\[t ) _th sin (Q\ft)
e? cos ( 2ft —e?! sin (2v/2t)

Thus two other particular solutions are

2\[6% sin (2[15)
Xy = e?t cos (2\ft) ;
e?t cos (Q\ft)
2v/2¢%t cos (2\/515)
X3 = —e?tsin (2\/525)

—eZtgin (2\/?15)



The Wronskian of these three particular solutions is
= |X1 X9 X3 |

0  2v2e?sin (2\@15) 24/2¢%t cos (2\/§t)
e2t e2t cos (2\/?16) —e?t sin (2\/§t)
—e? —e%cos (2v/21) —e?sin (2v/2t)

= (2\/§€6t sin? (2\@75) — 2v/2¢% cos? (2\/575) + 21/2¢5% sin? (2\/51?) + 2v/2¢5 cos? (2\/51?))
= 4v2¢% sin? (2\/515)
# 0.

So the general solution is

0 24/2sin (2\/@1?) 24/2 cos (2\/§t)
x:(A(l)—i—B( cos(2\/§t) )+C(—sin(2\/§t) ))th.
1 cos (2\@75) —sin (2ﬁt)




